Abstract Dalton and Slawinski (2016) show that, in general, the Backus (1962) average and the Gazis et al. (1963) average do not commute. Herein, we examine the extent of this noncommutativity. We illustrate numerically that the extent of noncommutativity is a function of the strength of anisotropy. The averages nearly commute in the case of weak anisotropy.
1 Introduction Dalton and Slawinski (2016) show that-in general-the Backus (1962) average, which is an average over a spatial variable, and the Gazis et al. (1963) average, which is an average over a symmetry group, do not commute. These averages result in the so-called equivalent and effective media, respectively. In this paper, using the monoclinic and orthotropic symmetries, we numerically study the extent of the lack of commutativity between these averages. Also, we examine the effect of the strength of the anisotropy on noncommutativity. We consider the following diagram.
Herein, B and G stand for the Backus (1962) average and the Gazis et al. (1963) Dalton and Slawinski (2016) and Bos et al. (2016) , The other parameters are the same for both paths.
As stated by Dalton and Slawinski (2016) , the results of the clockwise and counterclockwise paths are the same for all elasticity parameters if c 2313 = c 3312 = 0 , which is a special case of monoclinic symmetry. For that case, the Backus (1962) average and the Gazis et al. (1963) average commute.
Numerical testing
Even though, in general, the Backus (1962) average and the Gazis et al. (1963) average do not commute, it is important to consider the extent of their noncommutativity. We wish to enquire to what extent-in the context of a continuum-mechanics model and unavoidable measurement errors-the averages could be considered as approximately commutative.
To do so, we numerically examine two cases. In one case, we begin-in the upper left-hand corner of Diagram 1-with ten strongly anisotropic layers. In the other case, we begin with ten weakly anisotropic layers.
Elasticity parameters for the strongly anisotropic layers are derived by random variation from the H002 sanidine alkali feldspar given in Waeselmann et al. (2016) , but with the x 3 -axis perpendicular to the symmetry plane rather than the x 2 -axis, used by Waeselmann et al. (2016) . These parameters are given in Table 1 . Weakly anisotropic layers are derived from the strongly anisotropic ones by keeping c 1111 and c 2323 , which are the two distinct elasticity parameters of isotropy, approximately the same as for the corresponding strongly anisotropic layers, and by varying other parameters away from isotropy. These parameters are given in Table 2 . Assuming that all layers have the same thickness, we use an arithmetic average for the Backus (1962) averaging; for instance,
The results of the clockwise and counterclockwise paths for the three elasticity parameters that differ from each other are given in Table 3 . It appears that the averages nearly commute for the case of weak anisotropy. Hence, we might conclude that the extent of noncommutativity is a function of the strength of anisotropy. Dalton and Slawinski (2016) show that-in general-the Backus (1962) average and the Gazis et al. (1963) average do not commute. Herein, using the the case of monoclinic and orthotropic symmetries, we numerically show that noncommutativity is a function of the strength of anisotropy. For weak anisotropy, which is a common case of seismological studies, the averages appear to nearly commute.
Discussion
In our future work, we will consider aspects of the approximation theory to rigorously examine the commutativity issues between these averages. Also, in such an examination, we will invoke advanced numerical methods.
